Abstract. A modular form for an even lattice L of signature (2,n) is said to be 2-reflective if its zero divisor is set-theoretically contained in the Heegner divisor defined by the (−2)-vectors in L. We prove that there are only finitely many even lattices with n ≥ 7 which admit 2-reflective modular forms. In particular, there is no such lattice in n ≥ 26 except the even unimodular lattice of signature (2, 26). This proves a conjecture of Gritsenko and Nikulin in the range n ≥ 7.
contained in H. Note that this definition requires to specify the lattice L, not only the modular group Γ. In some cases, such a modular form has the geometric interpretation as characterizing discriminant locus in the moduli of lattice-polarized K3 surfaces. Following [10, 11] , we say that the lattice L is 2-reflective if it admits a (non-constant) 2-reflective modular form for some Γ and χ. THEOREM 1.1. There are only finitely many 2-reflective lattices of signature (2,n) with n ≥ 7. In particular, there is no 2-reflective lattice in n ≥ 26 except the even unimodular lattice II 2,26 of signature (2, 26) .
This proves in the range n ≥ 7 a conjecture of Gritsenko-Nikulin in [11] (part (a) of "Arithmetic Mirror Symmetry Conjecture"), which seems to be first formulated in [17] . For n = 4, 5, 6 we still have the finiteness under some condition (Corollaries 4.6 and 4.7). When n = 3, Gritsenko and Nikulin gave some classification in [10, Section 5.2] and [12, Section 2] .
Gritsenko-Nikulin's conjecture in [11] is a special version of their more general finiteness conjecture for reflective modular forms [9] . Scheithauer [19] classified reflective modular forms of singular weight with vanishing order ≤ 1, for lattices of square-free level. Looijenga [13] proved another part of Gritsenko-Nikulin's conjectures in [9] , which might also give an approach to the classification of reflective modular forms. Theorem 1.1 is essentially an effective result. This means that it would be in principal possible with the method here to write down finitely many lattices which include all 2-reflective ones in n ≥ 7 (cf. Remark 4.2). However, this should still contain a large redundancy.
We will first prove in Section 3 the second sentence of Theorem 1.1 using the theory of Borcherds products. The argument works more generally for reflective modular forms. The unimodular lattice II 2,26 carries Borcherds' Φ 12 function [1] as a 2-reflective modular form of weight 12. This is the "last" 2-reflective form.
After thus establishing a bound of n, we then prove in Section 4 the first sentence of Theorem 1.1 for each fixed n. By a result of [14] the finiteness problem reduces to the boundedness of relative vanishing orders of 2-reflective forms. We can obtain estimates of those orders by restricting the 2-reflective forms to certain modular curves. The key point is that we can always choose such curves from a certain finite list.
The proof of Theorem 1.1 is thus a sandwich by two approaches for classifying 2-reflective lattices: via the theory of Borcherds products, and via the volume of (−2)-Heegner divisors.
Section 2 is of preliminary nature, where we set up some basic reduction technique and a few notation. be improved to the present value, and has taught us the proof that is produced here. We wish to express our deep gratitude to him for his invaluable suggestion.
Basic reductions.
In order to prove Theorem 1.1, it will be useful to narrow the class of 2-reflective modular forms that we actually deal with. Throughout L will be an even lattice of signature (2,n) with n ≥ 3. We first kill the characters χ. 
Proof. Let F be the given 2-reflective form, and write Γ = Γ ∩ Γ . We choose representatives γ 1 ,... ,γ δ ∈ Γ of the coset Γ \Γ and take the product
This is a modular form with respect to
It is convenient to normalize the choice of modular group to the following one. Let L ∨ be the dual lattice of L and A L = L ∨ /L be the discriminant group, which is canonically equipped with the Q/Z-valued quadratic form defined by 
, and the claim follows from Lemma 2.2 applied
We have the following decomposition (2.1) of the (−2)-Heegner divisor H. For λ ∈ A L and m ∈ Q we write
where for a primitive vector l ∈ L, div(l) is the natural number generating the ideal (l, L). Then we have the decomposition
We also prefer the algebro-geometric setting: consider the quotient space
F L be the algebraic divisors given by H, H 0 , H μ respectively. Then we have
and the Eichler criterion says that each H * is irreducible when L contains 2U . The [16] . Therefore, when l defines the component H * , we have a finite morphism F K → H * .
3. Absence in higher dimension. In this section we prove the second sentence of Theorem 1.1. In an earlier version of this paper we proved it only for n ≥ 30 using Borcherds' duality theorem [3] ; the proof presented below was suggested by the referee.
Proof. We first prove the assertion under the assumption that L contains 2U . In that case, if L has a 2-reflective form F , its divisor can be written as
for some nonnegative integers β * . By the theorem of Bruinier ([4, Section 5.2], and also [5] ), F is a Borcherds product: there exists a nearly holomorphic modular form f (τ ) of weight 1 − n/2 and type ρ L for Mp 2 (Z) with principal part In particular, f Δ is holomorphic at the cusp. When n ≥ 27, the weight 13 − n/2 is negative and thus f Δ ≡ 0, so f ≡ 0. When n = 26, f Δ has weight 0 and hence must be (constantly) an Mp 2 
in the first case, and to
in the second case. By the Eichler criterion and Bruinier's theorem, a reflective modular form is the Borcherds lift of a nearly holomorphic modular form with principal part
The singularity is of order at most 1, and the coefficient of q −1 is β 0 e 0 . Thus we can argue similarly.
Finiteness at each dimension.
In this section we prove that with n ≥ 7 fixed, there are only finitely many 2-reflective lattices of signature (2,n). In Section 4.1 we first show that the finiteness follows if we could universally bound the orders of zero of 2-reflective forms relative to the weights, using a result from [14] and under the condition that the lattices contain 2U . Then we give an estimate of such relative orders by restricting the modular forms to "general" modular curves on F L and appealing to the well-known situation on the curves. In Section 4.2 we obtain a desired bound by proving that we can choose such modular curves always from a finite list, under an assumption on A L . This deduces the finiteness under that condition. If n ≥ 7, we can remove the assumption by a lattice-theoretic argument.
Maximal slope.
Let us assume in this subsection that the lattices L contain 2U . Let F be a 2-reflective form for L of weight α. As in the proof of Proposition 3.1, we can write
for some nonnegative integers β * . We shall call max * (β * /α) the maximal slope of F where * ∈ {0} ∪ π L , and denote it by λ(F ). The reason to consider this invariant is the following. Remark 4.2. Given λ, one would be able to enumerate all possible L as in the proposition: they should satisfy the inequality
where f * (n) are the functions defined in [14, Section 5.3] . This estimate is a weakest version and could be improved when the class of lattices is specified. See [14, Sections 3, 4.2, 4.3, and 5.3] for more detail. For instance, when F does not vanish at H 0 , the term 2 n−2 f AII (n) can be removed.
A natural approach to estimate the maximal slopes is to consider restriction to modular curves. Let F be a 2-reflective form for L and H * ⊂ H be the component where F attains its maximal slope where * ∈ {0} ∪ π L . Assume that we have a sublattice K ⊂ L of signature (2, 1), not necessarily primitive, that satisfies the following "genericity" conditions:
(ii) there exists a (−2)-vector l ∈ L which defines a component of H * and whose orthogonal projection to K ⊗ Q has negative norm. 
If we write deg (div(f )) simply for the sum of orders of zeros of f over the points of the fundamental domain, we thus obtain
It is well known that the right-hand side can bounded only in terms of geometric invariants of the compactification of 
By the result of Nikulin [16] such lattices L contain 2U , so that the results of Section 4.1 can be applied. We shall construct, with n fixed, a finite set P n of isometry classes of even lattices of signature (2, 1) such that for arbitrary F and L we can find a sublattice K ⊂ L satisfying the conditions (i), (ii) in Section 4.1 from this pool.
Here is a notation: for an even lattice N of any signature, we write Δ(N ) for the set of (−2)-vectors in N , and R(N ) ⊂ N the sublattice generated by Δ(N ).
Let us first define P n . Let R n be the set of isometry classes of negative-definite (−2)-root lattices of rank ≤ n − 2. Since the members of R n are direct sums of A, D, E lattices, R n is a finite set. We define a positive integer a n through the maximal norms of integral vectors in R ∈ R n that are not orthogonal to any (−2)-vector:
We also define a positive integer b n through the minimal norms of integral vectors in the Weyl chambers of U ⊕ kA 1 with 0 ≤ k ≤ n − 2:
Then we set Proof. We first consider the case the maximal slope of F is attained at H 0 . We write L = U 1 ⊕ U 2 ⊕ M with U 1 ,U 2 two copies of U and M negative-definite of rank n − 2. We denote by e 1 ,f 1 and e 2 ,f 2 the standard hyperbolic basis of U 1 and U 2 respectively. We have the following two possibilities:
In case (a), we choose a vector m from the root lattice R(M ) that is not orthogonal to any (−2)-vector in R(M ) and that has the maximal norm among such vectors. By the definition of a n we have (m, m) ≥ −a n . Then we set
This lattice belongs to P n . The orthogonal complement in L is described as 
which belongs to P n . Its orthogonal complement in L is described as
By construction, both m ⊥ ∩ (U 2 ⊕ kA 1 ) and M contain no (−2)-vector. Hence K ⊥ has no (−2)-vector too, which implies (i). Since K contains the (−2)-vector
Next we consider the case the 2-reflective form F attains its maximal slope at
Then we can apply the result of Nikulin [16] . We note that in case the maximal slope is attained at H 0 , we used only the condition that L contains 2U in the proof of Proposition 4.4. Hence we also have the following variant. To deduce the finiteness for general lattices, we take overlattices following the next lemma. Proof. This is essentially obtained in the proof of [14, Lemmas A.6 and A.7 ]. We will not need to repeat that argument. Now the proof of Theorem 1.1 can be completed as follows. Let n ≥ 7 be fixed. By Corollary 4.6 we have a natural number e such that an even lattice L of signature (2,n) satisfying the condition (4.1) is not 2-reflective whenever e(A L ) ≥ e. By Corollary 2.4 and Lemma 4.8, any even lattice L of signature (2,n) with e(A L ) ≥ 2e is not 2-reflective. We have only finitely many even lattices L of signature (2,n) with e(A L ) < 2e, because those lattices have bounded discriminant. This concludes the proof of Theorem 1. 
By this claim we can find a splitting
L = U 1 ⊕ U 2 ⊕ M such that M contains a (−2)-vector
